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ABSTRACT
In order for diffusive shock acceleration (DSA) to accelerate particles to high energies,
the energetic particles must be able to interact with magnetic turbulence over a broad
wavelength range. The weakly anisotropic distribution of accelerated particles, i.e.,
cosmic rays (CRs), is believed capable of producing this turbulence in a symbiotic re-
lationship where the magnetic turbulence required to accelerate the CRs is created by
the accelerated CRs themselves. In efficient DSA, this wave-particle interaction can be
strongly nonlinear where CRs modify the plasma flow and the specific mechanisms of
magnetic field amplification. Resonant interactions have long been known to amplify
magnetic fluctuations on the scale of the CR gyroradius, and Bell (2004) showed that
the CR current can efficiently amplify magnetic fluctuations with scales smaller than
the CR gyroradius. Here, we show with a multi-scale, quasi-linear analysis that the
presence of turbulence with scales shorter than the CR gyroradius enhances the growth
of modes with scales longer than the gyroradius, at least for particular polarizations.
We use a mean-field approach to average the equation of motion and the induction
equation over the ensemble of magnetic field oscillations accounting for the anisotropy
of relativistic particles on the background plasma. We derive the response of the mag-
netized CR current on magnetic field fluctuations and show that, in the presence of
short-scale, Bell-type turbulence, long wavelength modes are amplified. The polariza-
tion, helicity, and angular dependence of the growth rates are calculated for obliquely
propagating modes for wavelengths both below and above the CR mean free path. The
long-wavelength growth rates we estimate for typical supernova remnant parameters
are sufficiently fast to suggest a fundamental increase in the maximum CR energy a
given shock can produce.
Key words: radiation mechanisms: non-thermal—X-rays: ISM— (ISM:) supernova
remnants—shock waves.
⋆ E-mail:byk@astro.ioffe.ru
1 INTRODUCTION
Diffusive shock acceleration (DSA) is the most promis-
ing mechanism for producing superthermal and relativis-
tic particles in a wide range of astrophysical objects
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ranging from the Earth bow shock to shocks in galaxy
clusters (Blandford & Eichler 1987; Jones & Ellison 1991;
Malkov & Drury 2001). While this mechanism is believed
to be efficient and capable of producing cosmic rays (CRs) to
energies well above 1015 eV in supernova remnants (SNRs),
fast and efficient DSA demands that particles interact
strongly with large amplitude magnetic fluctuations in the
shock vicinity. The amplitude of the required MHD turbu-
lence is substantially higher than the ambient MHD tur-
bulence forcing a bootstrap scenario where the accelerated
particles generate the turbulence required for their accel-
eration. Direct support for the modest self-generation of
MHD turbulence has long been seen in heliospheric shocks
(e.g., Gurnett 1985) and more recent observations of X-
ray synchrotron radiation from several young SNRs pro-
vide indirect evidence for extreme super-adiabatic magnetic
field amplification (MFA) associated with CR production
and DSA (see e.g., Vink & Laming 2003; Bamba et al. 2005;
Uchiyama et al. 2007; Vink 2008).
A critical aspect of MFA concerns the dynamic range of
the self-generated turbulence. Since the maximum CR en-
ergy a given shock can produce is determined largely by the
power in the longest wavelength turbulence – that turbu-
lence which is needed to trap CRs with the largest gyro-
radii – the production of long-wavelength turbulence must
be included in any full description of nonlinear DSA. The
essential features of our calculation for the growth rate of
turbulence with scales larger than the gyroradii of the gen-
erating CRs as these CRs interact with turbulence with
scales shorter than their gyroradii, were presented for paral-
lel propagating shocks in Bykov et al. (2009). Here, a more
complete calculation is given which includes oblique shock
geometry.
The situation where CRs interact with short-
wavelength turbulence is just what is expected in a shock
precursor where the CR current efficiently generates purely
growing modes with wavelengths much shorter than the gy-
roradii of the CRs (i.e., Bell 2004). For wavelengths both
below and above the CR mean free path, we perform a
multi-scale, linear calculation that takes into account the
polarization, helicity, and angular dependence of the growth
rates for obliquely propagating modes. An important ques-
tion for DSA and CR origin has always centered around the
maximum particle energy a given shock can produce. For a
shock of a given size, age, and magnetic field geometry, the
maximum CR energy depends totally on the power in the
longest wavelength turbulence. Our estimates suggest that
the growth rates for long-wavelength modes are fast enough
to allow a significant increase in CR energy.
The study of turbulence generation associated with
CRs and DSA has a long history. Magneto-hydrodynamic
(MHD) type wave amplification due to the resonant cosmic-
ray streaming instability was studied in the context of galac-
tic cosmic-ray origin and propagation since the 1960s (see
e.g. Kulsrud & Cesarsky 1971; Wentzel 1974; Achterberg
1981; Berezinskii et al. 1990; Zweibel 2003). It was pro-
posed by Bell (1978) as a source of magnetic turbulence
in the test particle DSA scenario, and nonlinear models of
DSA including streaming instabilities and MFA were inves-
tigated by Amato & Blasi (2006),Vladimirov et al. (2006)
and Reville et al. (2009). A Monte Carlo model of non-
linear DSA with MFA from resonant instabilities induced
by accelerated particles, which also accounted for the ef-
fects of dissipation of turbulence upstream of a shock and
the subsequent precursor plasma heating, was developed
by Vladimirov et al. (2008). The Monte Carlo work showed
that strong feedback effects between the plasma heating due
to turbulence dissipation and particle injection are impor-
tant for understanding the nonlinear nature of efficient DSA.
While the resonant instability is arguably the simplest in-
stability thus far studied, a full description is still beyond
any single technique either analytic or computer simulation.
Mixed techniques are required where analytical recipes to
account for MFA, dissipation, and other effects are blended
with simulations.
In addition to resonant instabilities, a number of non-
resonant instabilities have been investigated for DSA. A non-
resonant acoustic instability, where the cosmic-ray pressure
gradient in the shock precursor amplifes compressional dis-
turbances, was investigated by Dorfi & Drury (1985) and
Drury & Falle (1986). Berezhko (1986) and Chalov (1988)
generalized this by accounting for a regular magnetic field.
The obliquely propagating magnetosonic modes in the inho-
mogeneous precursors of cosmic-ray modified shocks were
further examined by Zank et al. (1990) who also investi-
gated the role of strong, intermediate, and weak cosmic-ray
scattering regimes. The effects of the acoustic instability on
the particle distribution were investigated by Kang et al.
(1992) using a time-dependent numerical simulations of
the diffusion-advection transport equations. The non-linear
evolution of unstable acoustic waves in the precursors of
cosmic-ray mediated shocks with large Mach numbers was
shown by Chalov (2010) to result in the formation of a
host of small, weak shock waves that could heat the ther-
mal plasma and, therefore, change the parameters of the
strong, large-scale shock. Other nonlinear work was done
by Malkov & Diamond (2009) where they suggested that
the development of unstable acoustic waves might result in
shock-train formation that could speed up the acceleration
rate and stimulate the inverse cascade of Alfve´n waves gener-
ated by the accelerated particles. Recently, Beresnyak et al.
(2009) proposed a model where the stochastic magnetic
fields in the shock precursor are generated through a short-
scale dynamo mechanism. In this model, the fluid velocity
c© RAS, MNRAS 000, 1–??
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turbulence driving the dynamo is produced through interac-
tions of the CR pressure gradient and density perturbations
in the precursor.
A large amount of recent work has been stimulated by
Bell’s discovery of a fast, non-resonant instability driven
by the CR current (Bell 2004). In this instability, the CR
current in the shock precursor drives purely growing, in-
compressible, electromagnetic modes. These modes have
wavevectors along the magnetic field and have wavelengths
much shorter than the CR gyroradius radius. Because of
the short wavelengths, the CR current is essentially unmag-
netized in this regime and induces a return current in the
background plasma which is nearly parallel to the locally
homogeneous magnetic field. This allows the approximation
that the current generating CRs are only weakly perturbed
by the magnetic fluctuations they create (we shall discuss
this instability in some detail in section 3).
The focus of much of the analytical and numer-
ical work on the Bell instability concerns the satura-
tion level and the spectral properties of the instabil-
ity (see e.g. Pelletier et al. 2006; Marcowith et al. 2006;
Amato & Blasi 2009; Luo & Melrose 2009; Vladimirov et al.
2009; Zweibel & Everett 2010). If the approximation that
the CR current is only weakly affected by the short-
scale fluctuations holds, nonlinear MHD-type simulations,
where the CR current is fixed as an external parameter,
can be used (e.g. Bell 2004; Zirakashvili & Ptuskin 2008;
Zirakashvili et al. 2008; Reville et al. 2008). These simula-
tions typically show a rather high saturation level of the
self-generated, short-scale turbulence and also show nonlin-
ear spectral energy transfer (i.e., the cascading of turbu-
lence energy) into both larger and smaller scales. However,
since long-wavelength magnetic fluctuations on scales com-
parable to or larger than the CR gyroradius cause a non-
negligible response of the CR current, the MHD simulations
are limited to short-scale fluctuations only. In a real system,
long-wavelength fluctuations will occur and they will induce
current perturbations perpendicular to the local mean mag-
netic field even in the linear regime (see Bykov & Toptygin
2005; Bykov et al. 2009). This important physical effect will
be difficult for MHD simulations to capture.
Particle-in-cell (PIC) and hybrid plasma simulations1
are widely used with different CR and background plasma
parameters. They can explore both linear and nonlinear
regimes of the non-resonant mode, the saturation level,
and spectral energy transfer mechanisms (Niemiec et al.
2008; Riquelme & Spitkovsky 2009; Ohira et al. 2009;
Stroman et al. 2009; Riquelme & Spitkovsky 2010;
1 In this context, hybrid means protons are treated as particles
and electrons are modeled as a charge-neutralizing background
fluid.
Gargate´ et al. 2010). In the linear regime, the simu-
lated growth rates confirm the basic theoretical predictions
of Bell (2004). Amplification factors above 10 for the
magnetic field were achieved in some simulations. Plasma
acceleration along the drift motion of CRs saturates the
instability at the magnetic field level when the Alfve´n
velocity in the amplified field approaches the drift ve-
locity of CRs. The instability can also saturate earlier
if CRs get magnetized by the amplified field. If the CR
current is transverse to the initial magnetic field then both
hydrodynamic (e.g., Bell 2005) and PIC simulations by
Riquelme & Spitkovsky (2010) have shown the presence of
a fast, current driven instability.
Magnetic field amplification in the long-wavelength
regime, where the gyroradii of the “magnetized” CRs are
smaller than the wavelength of the magnetic perturba-
tions, was discussed by Bykov et al. (2009). This work used
a quasi-linear kinetic equation approach for modes paral-
lel to the initial magnetic field. It was demonstrated by
Bykov et al. (2009) that the long-wavelength instability,
produced by the perturbed, perpendicular CR current, was
strongly affected by the short-scale turbulence produced by
the Bell instability. This coupling of long and short-scale
instabilities, which is certain to be nonlinear if DSA is ef-
ficient, places significant demands on plasma particle and
fluid code simulations since they must cover a wide dynamic
range to fully describe the problem from injection to maxi-
mum CR energy. These demands are particularly severe for
nonrelativistic shocks with parameters typical of SNRs (see
Vladimirov et al. 2008).
In the present paper we study the properties of long-
wavelength, oblique modes in DSA for different assump-
tions on the CR scattering rate in background, short-scale
turbulence. The long-wavelength growth rates we calcu-
late depend on the CR current interacting with the short-
wavelength turbulence generated by Bell’s instability, which
has the fastest growth rate in the short wavelength regime
and produces the mode polarizations we assume. While
our calculation is linear in ∆B/B, any application in a
realistic DSA scenario would assume efficient acceleration
with a non-negligible fraction of shock ram pressure being
transformed to CRs. Our estimates given in Section 6 for
young SNRs, suggest that, for some parameters at least,
the production of long-wavelength turbulence in the for-
ward shock precursors of young SNRs will be important.
Since the shock structure depends critically on the efficiency
of turbulence amplification, cascading, and dissipation, our
work must be viewed as a step towards the development
of a nonlinear model of DSA where all of the following are
treated self-consistently: (1) efficient particle injection and
acceleration occur; (2) particles of different energies par-
ticipate differently in the instability generation and mag-
c© RAS, MNRAS 000, 1–??
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netic field amplification; (3) turbulence cascading and dissi-
pation are accounted for; and (4) the nonlinear feedback
of particles and fields on the bulk flow is included self-
consistently. To our knowledge, the only techniques that
are currently capable of including all of these coupled ef-
fects in a calculation suitable for modeling DSA in SNRs,
even in parameterized form, are the semi-analytic methods
of Blasi and co-workers (see Blasi et al. 2007; Caprioli et al.
2008, and references therein), and the Monte Carlo methods
of Vladimirov and co-workers (see Vladimirov et al. 2009,
and references therein). Before providing the details of our
derivation we outline the steps in the next Section.
2 OUTLINE OF THE MODEL
Our goal is to obtain the growth rates for the cosmic-ray
current driven, long-wave instability in a shock precursor
containing short-scale fluctuations. The terms “long” and
“short” are relative to the minimum CR gyroradius2 and
the first step in our derivation is to obtain the equations of
the plasma and magnetic field dynamics averaged over the
short-scale fluctuations.
In Section 3 we describe the properties of the short-scale
CR-current driven modes produced by Bell’s instability (Bell
2004, 2005). We discuss the polarization properties of the
modes, the helicity they induce in the background plasma,
and emphasize how the mode polarization is important for
the long-wavelength dynamics.
The equation of motion and the magnetic induction
equation, both for the background plasma and both aver-
aged over the short-scale modes that are needed to study
the long-wavelength growth rates, are discussed in Section
4. The detailed derivations of these averaged equations are
given in the Appendix. In Section C of the Appendix we
obtain the averaged magnetic induction equation. In Sec-
tion D we average the momentum equation. We general-
ized the mean field method developed in dynamo theory
(see Blackman & Field 2002; Brandenburg & Subramanian
2005; Brandenburg 2009) to average the equations account-
ing for the specific effects of the CRs. The distinctive feature
of the derivation is that the CR current, which is responsi-
ble for the instability, is fully accounted for. The CR current
produces specific polarizations of the modes and this influ-
ences the ratio of their kinetic and magnetic energy densities.
This, in turn, modifies the mode correlation functions that
2 Due to the strong energy dependence of the CR diffusion coef-
ficient, the CR distribution in a shock precursor typically shows a
fairly sharp cutoff at low energies. This is the minimum energy we
refer to and this cutoff energy increases with distance upstream
from the viscous subshock.
determine the turbulent transport coefficients in the mean
field approach. The correlation functions are presented in
Section B of the Appendix.
To get the linear dispersion relation for the long-
wavelength fluctuations, one needs to know the response
of the CR current to the short-scale fluctuating magnetic
field, that is, to the Bell turbulence. This is an important
point. For solely the Bell instability, the response of the CR
current to the short-scale fluctuations can be ignored. In the
long-wavelength regime, however, the CR current changes in
response to the magnetic field perturbations imposed on the
plasma system and these changes need to be accounted for.
Here, we calculate the CR response using a kinetic equation
for the CR distribution function with a collision operator
that describes the CR scattering by magnetic fluctuations.
The details of the CR current response derivation are pre-
sented in Section A of the Appendix.
Finally, the growth rates we obtain for long-wavelength
fluctuations in plasma systems with a CR current are pre-
sented in Section 5. Two distinct long-wavelength regimes
are discussed. The first regime is where the growing modes,
at some position in the shock precursor, have wavelengths
between the gyroradius and the mean free path of the lowest
energy CRs present at that precursor position. We call this
regime “intermediate” and these modes are complementary
to those seen in mean-field dynamo theory except now the
modes are modified by the presence of the CR current. These
long-wavelength modes are produced by the anisotropic CR
distribution in the presence of strong, small-scale fluctua-
tions. The second regime is where the growing modes have
wavelengths longer than the CR mean free path. We refer to
this regime as “hydrodynamical.” We note that in the case
of very strong CR scattering, that is when the Bohm limit is
obtained and the CR mean free path equals the gyroradius,
the intermediate regime has no dynamic range and only the
hydrodyamical regime produces the long-wavelength insta-
bility.
3 SHORT-SCALE DYNAMICS AND BELL’S
INSTABILITY
In MHD-type flows with cosmic rays imbedded in a back-
ground plasma, the momentum equation of the background
plasma, including the Lorentz force, is given by
ρ
(
∂u
∂t
+ (u∇)u
)
= −∇P + 1
c
(j×B)+ e(ni−ne)E+ ν△u,
(1)
where u and j are the bulk velocity and the electric current of
the background plasma, respectively. The viscosity ν is due
to Coulomb collisions (or due to plasma oscillations on scales
much less than the CR gyroradii) and ν is typically small
c© RAS, MNRAS 000, 1–??
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for the effects discussed here. We assume quasi-neutrality
for the whole system consisting of background plasma ions
of number density ni, electrons of number density ne, and
cosmic rays of number density ncr. For simplicity we con-
sider cosmic-ray protons only such that ni+ncr = ne. Both
the background electric current j and the electric current of
accelerated particles Jcr are the sources of magnetic fields
in Maxwell’s equations, where the displacement current can
be omitted for the slow MHD-type processes under consid-
eration. Furthermore, we assume ideal plasma conductivity
in Ohm’s law:
rotB =
4π
c
(j+ Jcr), E = −1
c
(u×B). (2)
Then the induction equation is given by
∂B
∂t
= ∇× (u×B) + νm△B, (3)
where νm is the magnetic diffusivity due to the Coulomb
collisions or MHD plasma oscillations.
To study instabilities in flows with initially quasi-
homogeneous magnetic fields, the global current neutraliza-
tion condition should be fulfilled in Eq. (2). Substituting
Eq. (2) in Eq. (1), we obtain the momentum equation in the
following form (Bell 2004)
ρ
(
∂u
∂t
+ (u∇)u
)
= −∇P + 1
4π
(∇×B)×B−
−1
c
(Jcr − encru)×B+ ν△u . (4)
In this equation, the electric current of accelerated par-
ticles Jcr is an external current in the momentum equa-
tion of the background plasma. The current is governed by
sources of energetic particles and by local electromagnetic
fields. The current Jcr initiates a compensating return cur-
rent in the background plasma. Bell (2004, 2005) discovered
that the system is unstable against linear perturbations that
are ∝ exp(γt + ikr) and the return current drives nearly
purely growing modes. Here, γ is the linear growth rate.
The wavenumbers of growing modes must satisfy the condi-
tion krg0 > 1, where rg0 = cp0/(eB‖) is the gyroradius of
an accelerated particle of momentum p0. All particles with
p > p0 contribute to mode growth.
In a cold plasma with sound speed a0, well below the
Alfve´n velocity va, the linear growth rate obtained by Bell
(2005) depends only on the wavevector projection kz on the
local mean magnetic field, i.e.,
γ ≈ γmaxkz/k, (5)
where
γmax = va
√
k1|k| − k2 (6)
is the growth rate for the modes propagating along the mean
field and
k1 =
4π
c
jcr
B
. (7)
Here, the bar means the CR current and magnetic field are
averaged over fluctuations with scales below rg0.
According to the linear analysis of Bell (2005), the
wavenumber of a growing mode must satisfy the condition
r−1g0 < k < k1. Therefore, the instability growth rate is
higher than the Alfve´n frequency vak. Note that this con-
dition for mode growth rg0k1 > 1, together with Eq. (7),
implies that the anisotropy of the relativistic particle dis-
tribution, δcr, exceeds the ratio of the mean magnetic field
energy density to the energetic particle energy density Ecr.
That is, δcr > B
2/(4πEcr), where the CR current is given
by jcr ≈ δcrencrc.
The polarization of the growing mode, given by
bx = i
kz
|kz| by, (8)
is important and we use the fact that the kinetic energy
density in the growing mode dominates over the magnetic
energy density to get simplified mean field equations. The
linear relation between the amplitude of the growing mag-
netic field b(k) and the velocity v(k) of the perturbations
is given by
γb(k) = iB0kzv(k). (9)
This yields
|v(k)|2 ≈ 1
4πρ
k1
|kz| |b(k)|
2, (10)
provided that the kinetic energy density in the growing mode
dominates over the magnetic energy density because k1 >
kz. This is in contrast to Alfve´n modes where the energy
densities are equal. In Section B [namely, Eq. (B2)], the
mode polarizations are used to express the pair correlation
functions for the fluctuating fields.
We note here that the cosmic-ray current has only a
weak response to the short-scale fluctuations, while its re-
sponse to fluctuations with scales longer than rg0 is much
larger. Therefore, the CR current variations can be neglected
when averaging the dynamic equations over fluctuations pro-
duced by the Bell instability and we perform this averaging
in the next Section. For the long-wavelength fluctuations,
the current variations must be considered and this averag-
ing is done in Section A of the Appendix.
c© RAS, MNRAS 000, 1–??
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4 THE AVERAGED EQUATIONS OF
LARGE-SCALE DYNAMICS
Here we average the momentum equation of the background
plasma and the induction equation over the short-scale fluc-
tuations produced by Bell’s instability to obtain the mean
field dynamics equation. Since the linear growth rate is fast
for the Bell mode with the wavevector along the local mean
magnetic field, the bulk velocity of the background plasma
u(r, t) and B(r, t) both experience rapid, incoherent fluc-
tuations on scales that are small compared to rg0, the gy-
roradius of a relativistic particle. The unstable modes with
wavevectors along the mean magnetic field are nearly in-
compressible making the averaging of the mass continuity
equation straightforward. The time and spatial scales sepa-
ration relations are defined by Jcr = jcr+jcr, B = B+b and
u = V + v, where jcr, B, and V are the averaged electric
current of accelerated particles, the averaged magnetic field,
and the background plasma bulk velocity, while v and b
are the short-scale bulk velocity and magnetic field. We can
now average over the ensemble of short-scale fluctuations,
placing these averages in angular brackets, and obtain the
averaged momentum equation Eq. (4):
∂V
∂t
+ (V∇)V = −〈(v∇)v〉+ 1
4πρ
〈(∇× b)× b〉 −
−1
ρ
∇P − 1
c ρ
((jcr − e ncrV)×B) +
+
1
4πρ
((∇×B)×B), (11)
and the averaged equation of magnetic induction
∂B
∂t
= c∇× E +∇× (V×B) + νm△B. (12)
Here E = 〈v × b〉 is the average turbulent electromotive
force. The coordinate system is defined relative to the un-
perturbed magnetic field ez = B0/B0.
5 THE LONG-WAVELENGTH COSMIC-RAY
CURRENT DRIVEN MODES
In the presence of a cosmic-ray current, Bell’s instability
results in the fast growth of short-scale modes with wave-
lengths shorter than the gyroradius of the cosmic-ray par-
ticles. However, as we showed above when we obtained the
mean field dynamic equations averaged over the ensemble
of short-scale motions, the strong short-scale turbulence in-
fluences the plasma dynamics on scales larger than the CR
gyroradii producing the turbulence. Equations (11) and (12)
are designed to be applied to the dynamics of modes with
scales larger than rg0, i.e., CR particles are magnetized on
these scales.
In diffusive shock acceleration with strong scattering,
the particle mean free path, Λ, is often taken to be Λ = ηrg0,
where η > 1 and η = 1 is the Bohm limit. If η > 1 there
are two different regimes for the large-scale dynamics. The
first regime, discussed next, corresponds to η−1 < krg0 < 1,
where the CR particles have gyroradii small compared to
the turbulence scales and can be considered magnetized. The
second regime is for krg0 < η
−1, where the particle gyroradii
are large compared to the turbulence wavelengths. These
modes are driven by the transverse current of anisotropic,
magnetized cosmic rays and are discussed in Section 5.2.
5.1 Long-wavelength current driven modes in the
intermediate regime (η−1 < krg0 < 1)
The dynamic equations averaged over the short-scale fluc-
tuations, that we obtained in Sections C and D, can now
be used to study the long-wavelength modes. We start with
the linearized equation of motion Eq. (D5) and the induc-
tion equation for the mean field Eq. (C7). Denoting the small
departures of physical values from their unperturbed mag-
nitudes by δ, and performing the analysis in the rest frame
of the unperturbed upstream plasma so that V = δV, we
obtain:
∂δV
∂t
= −1
ρ
∇P − 1
c ρ
(jcr0 ez × δb)−
− 1
c ρ
(δjcr ×B0ez) + 1
4πρ
((∇× δb)×B0ez) +
+
κt
cρ
([
δjcrx − g ′δbx
]
ey −
[
δjcry − g ′δby
]
ex
)
, (13)
∂δb
∂t
= ∇× (δV ×B0ez) + 2
ρc
αt∇× jcrz ez +
+
1
2ρc
αt∇×
(
δjcrx ex + δj
cr
y ey
)
+
+
3
2ρc
αt∇×
(
g ′δbxex + g
′δbyey
)
, (14)
where g′ = jcr0 /B0 = encrvs/B0, vs is the shock velocity,
and αt = 〈b2〉τcor. In these linearized equations we have ne-
glected terms ∼ encrδV compared to g′δb which is justified
if vph/vs ≪ 1 (where vph = ω/k is the phase velocity of the
modes defined in Section A1). The correlation time τcor is
the relaxation time of triple correlations (see Sections C and
D in Appendix, and namely Eq. C4) and is approximately
the turnover time of the Bell turbulence. The parameter τcor
is an important parameter in the mean field approach (e.g.,
Brandenburg & Subramanian 2005).
From Eqs. (13,14), and using Eq. (A10), one obtains
c© RAS, MNRAS 000, 1–??
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the dispersion relation in the form:
ω2 ∓ ωikk0 αt
4πρ
[
1
2
A(x0) +
3
2
]
− k2v2a ±
±kk0v2a
(
1 +
κt
B0
)
[A(x0)− 1] = 0, (15)
where k0 = 4πg
′/c, va = B0/
√
4πρ, the function A(x0) is
defined by Eq. (A9) in Section A1, and κt is a turbulent
transport coefficient in the averaged equation of motion and
is defined in Eq. (D5). The ± signs give the modes with the
opposite circular polarizations in the dispersion relation.
To estimate the coefficients in Eq. (15) we assume
〈b2〉 ≈ B20 and introduce a dimensionless parameter for the
amplitude of the Bell turbulence NB =
√
〈b2〉/B0. The tur-
bulence correlation time τcor, is estimated as the short-scale
mode vortex turnover time, while the amplitude of the tur-
bulent velocity is
√
〈v2〉. Then, the turbulent mixing length
is defined as τcor
√
〈v2〉 ≈ τcor
√
ξ〈b2〉/(4πρ) = 2πξ/k0
where ξ is a dimensionless parameter characterizing the tur-
bulence mixing length. In our numerical estimations below,
we assume ξ ∼ 5 for the short-scale turbulence produced by
Bell’s instability.
According to Bell (2004), the maximum growth rate of
the instability is at the wavelength λ = 4π/k0. However, due
to the nonlinear dynamics of the Bell instability, the maxi-
mum of the turbulent energy density may be at somewhat
larger wavelengths if the initial spectrum of the fluctuations
subject to growth is a declining function of the wavenum-
ber k (c.f., Zirakashvili et al. 2008; Riquelme & Spitkovsky
2009). We specify the scalings of the turbulent kinetic coef-
ficients with the dimensionless parameter ξ as k0αt/(4πρ) ≈
2π
√
ξNBva, κt/B0 ≈ πNB, and assume that the minimum
momentum of accelerated protons is p0 = mc. With these
values, the solution to the dispersion equation Eq. (15) is
ω =
1
2
(
−d±
√
d2 − 4c
)
, (16)
with
d ≡ ∓ikk0 αt
4πρ
[
1
2
A(x0) +
3
2
]
, (17)
and
c ≡ −k2v2a ± kk0v2a
(
1 +
κt
B0
)
[A(x0)− 1] . (18)
Below, we present simple estimations for frequencies,
growing-rates and polarizations for the fastest growing
modes. As has long been known, the standard resonant in-
stability (e.g., Blandford & Eichler 1987; Kulsrud 2005) op-
erates in the intermediate magnetized regime η−1 < krg0 <
1 in the lack of strong, short-scale turbulence. This reso-
nant effect in the dispersion equation (15) is dominated by
the imaginary part of the current response function A(x0)
defined by Eqs. (A9, A12). The response function was cal-
culated for a power-law momentum distribution of CRs of
index α as defined in Eq. A2. Modes with different circu-
lar polarizations that are distinguished by the sign ∓ in
Eqs. (A9, A12) have the same growth rate and with no short-
scale turbulence (i.e., αt = 0 and κt = 0), the frequencies of
the two circularly polarized modes are determined by
ωrg0
va
≈ ± (1 + i)
√
3π
8
(
1
α− 2 −
1
α
)
k0rg0(krg0)
(α−2)/2 .
(19)
This growth rate is plotted as the dashed curve in Fig. 1 for
k0rg0 = 100 and α = 4.
Now let’s consider the effect of strong, short-scale Bell
turbulence on the resonant instability when αt and κt are
nonzero. The main contribution to the dispersion equa-
tion (16) at ξ ∼ 5 is due to the coefficient d in Eq. (17).
Since the response function A(x0) ≈ 1 for krg0 < 1, the
growth rate can be approximated as
ω = i4π
√
ξNBvak . (20)
For krg0 < 1, only the mode with polarization δb = δb(ex+
iey) is growing while for the case krg0 > 1, Bell’s instability
amplifies the other mode with polarization δb = δb(ex −
iey). The ratio of the kinetic energy density to the magnetic
energy density in the growing mode can be estimated from
|δV(k)|2 ∼ 1
4πρ0
(
3k0rg0(1 + πNB)
64π
√
ξNB
)2
|δb(k)|2 . (21)
It should be noted that the helicity of the unstable,
long-wavelength mode studied above is opposite that of the
short-scale Bell mode. This provides, in principle at least,
the possibility of balancing the global helicity of the system
by combining short and long-wavelength modes. Care must
be taken however, since recent numerical simulations show a
high saturation amplitude of the Bell mode making a nonlin-
ear analysis necessary to address the helicity balance issue.
The estimations given above are valid in the intermediate
regime and provide simple analytical approximations to the
growth rates shown in Fig. 1 for krg0 <∼ 1. To turn to the hy-
drodyamical regime krg0 < η
−1 (considered in Section 5.2),
one should just change (1 + κt/B0) to κt/B0 in Eq. (18), so
that
c = −k2v2a ± kk0v2aκt [A(x0)− 1] /B0 , (22)
and then substitute this in Eq. (16).
The coefficient given by Eq. (22) (or more exactly the
imaginary part of Eq. A11) dominates the dispersion equa-
tion Eq. (16) if x0 ≪ 1 and η is finite. Because of the ∓
sign in the imaginary part of Eq. (A11), both circular po-
larizations will be growing with the same growth rate given
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by
γ ≈
√
πNB
2
√
kk0
η
va. (23)
The transition from the regime described by Eq. (20) to that
described by Eq. (23) takes place at
x0 ∼ 1
η
k0rg0
32πξ
√
NB
. (24)
5.2 Long-wavelength current driven modes in the
hydrodynamical regime (krg0 < η
−1)
The ponderomotive force 〈(jcr − encrv) × b〉/(cρ) in the
mean-field momentum equation of the background plasma
Eq. (D5), is due to the momentum exchange between the
background plasma and cosmic rays. Contrary to the short-
wavelength regime, the cosmic-ray current response on the
magnetic fluctuations is essential in the long-wavelength
regime, krg0 < 1, and results in a non-negligible pondero-
motive force. If the perturbation wavelength is longer than
the CR mean free path, Λ, or in other words if krg0 < η
−1,
then the hydrodynamic approximation can also be applied
to the cosmic-ray dynamics. Then, the momentum density
P(r) and the momentum density flux tensor Π
(r)
αβ of the CR-
fluid, defined as
Π
(r)
αβ =
∫
vαpβf(r,p, t)d
3p = ρru
(r)
α u
(r)
β + Pcrδαβ, (25)
can be approximately derived in closed form. Here f(r,p, t)
is the CR distribution function. Then, the CR momentum
equation, derived as a moment of the kinetic equation, takes
the form
∂P
(r)
α
∂t
+∇β ·Π(r)αβ =
1
c
[(Jcr ×B) + encrE]α. (26)
Equation (26), averaged over the fluctuations with scales be-
low the CR mean free path and taking into account Eq. (2),
has the form〈
∂P
(r)
α
∂t
+∇β ·Π(r)αβ
〉
=
=
1
c
[(jcr − encrV)×B+ 〈(jcr − encrv)× b〉]α. (27)
The CR distribution in Eq. (25) is nearly isotropic for
scales larger than the CR mean free path krg0 < η
−1. Then,
the isotropic cosmic-ray pressure dominates in Π
(r)
αβ and us-
ing Eq. (27) one may write a simplified Eq. (D5) in the form
∂δV
∂t
= −1
ρ
∇ (δP + δPcr) + 1
4πρ
((∇× δb)×B0ez) +
+
κt
cρ
([
δjcrx − g ′δbx
]
ey −
[
δjcry − g ′δby
]
ex
)
. (28)
In the rest frame of the unperturbed shock precursor, the
velocity has only the perturbed component V = δV. The
term ∼ encrδV is small compared with g ′δb if vph/vs ≪ 1,
and it is omitted in the dispersion relation.
To study the dispersion properties of the CR current
driven modes in the long-wavelength regime, we use the
mean-field dynamic equations averaged over short-scale fluc-
tuations, Eqs. (C7), and (28), and the mass continuity equa-
tion:
∂ρ
∂t
+∇(ρV) = 0 . (29)
The equation of state for the background plasma is assumed
to be adiabatic, i.e.,
∂P
∂t
+
(
V∇)P + γP∇V = 0, (30)
where γ is the adiabatic index. Using Eq. (29) and Eq. (30),
one obtains
∇δP = a20∇δρ, (31)
where a0 =
√
γP0/ρ0 is the sound speed of the background
plasma.
To get the dispersion equation one must substitute the
expressions δb = B − B0, δV = V, δj = jcr − j‖ into
Eqs. (C7) and (29). Then, using Eqs. (A19) and (31), by
neglecting the terms that are small at x < x0 (where x0 is
defined by Eq. 24), we finally get the linear dispersion rela-
tion for the perturbations with wavelengths larger than the
mean free path of the cosmic-ray particle Λ, i.e.,
(ω2 − k2‖v2a − ik‖B0W0){ω4 − (a20 + v2a)k2ω2 +
+k2‖k
2v2aa
2
0 − ik‖B0[(ω2 − a20k2‖)W3 + k⊥k‖a20W4]} −
−k2‖B20W1[(ω2 − k2‖a20)W2 − k⊥k‖a20W5] = 0, (32)
where we assumed kx = 0, ky = k⊥, and
W0 = g
′ κt
cρ0
1
η
D1(k‖, k⊥),
W1 = g
′ κt
cρ0
[
D1(k‖, k⊥)− 1
]
,
W2 = g
′ κt
cρ0
[
D1(k‖, k⊥)− 1
] − g ′ B0
cρ0
1
η2
D2(k‖, k⊥),
W3 = g
′ κt
cρ0
1
η
[D1(k‖, k⊥) +D2(k‖, k⊥)] +
+g ′
B0
cρ0
1
η
D2(k‖, k⊥),
W4 = g
′ B0
cρ0
D3(k‖, k⊥),
W5 = g
′ B0
cρ0
1
η2
D3(k‖, k⊥). (33)
The angular dependence of the coefficients Wi for i= 0, . . . ,
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4 is determined by
D1(k‖, k⊥) =
k2‖
k2‖ +
k2
η2
, D2(k‖, k⊥) =
k2⊥
k2‖ +
k2
η2
,
D3(k‖, k⊥) =
k⊥k‖
k2‖ +
k2
η2
. (34)
All of the coefficients Wi given above are proportional to
g ′ and thus they vanish in the absence of the unperturbed
cosmic-ray current, i.e., if jcr0 = 0. The corresponding terms
are therefore responsible for the current driven modes. The
coefficients have different asymptotic behaviors at η ≫ 1.
The coefficients W0, W3, and W4 scale ∝ η−1, while all of
the others are ∝ η−2. It is important to note, however, that
contrary to W3, W4 ∝ k‖ and W0 ∝ k2‖.
The growth rates depend on the mode propagation an-
gle and we first consider parallel propagating modes. As dis-
cussed above, for modes propagating parallel to the initial
magnetic field, the growth rate is
γ0(k) ≈
√
πNB
2
√
kk0
η
va , (35)
and these modes have the fastest growth rates for the Bohm
diffusion regime with η ∼ 1. In Fig. 1 we illustrate the effect
of short-scale turbulence on the long-wavelength instability
for a particular set of parameters. The dashed and dotted
curves show the result without short-scale turbulence. The
two curves show two growing short-scale modes, two other
modes in Bell’s dispersion equation are not growing and
aren’t shown. The departure of the solid and dot-dashed
curves from the linear dependence (evident flattening) at
small k is due to the transition to the hydrodyamical regime
when krg0 < η
−1. It is clearly seen in Fig. 1 that the resonant
growth rates calculated for the model with short-scale tur-
bulence are well above the standard resonant growth rates
shown by the dashed line at krg0 < 1.
If η > 1, scattering is less efficient than the Bohm
limit and the maximum growth rate occurs for obliquely
propagating modes. The non-parallel propagating modes are
driven by both the cosmic-ray current and the cosmic-ray
pressure gradient (i.e., the diffusive part of the cosmic ray
current). An analysis of the relative contributions of the cor-
responding terms inW3 defined in Eq. (33) using Eq. (A19),
shows that, at the maximum growth rate, the relative con-
tribution of the cosmic-ray pressure gradient to that of the
cosmic-ray current in the shock precursor is ∝ πNB. There-
fore, the cosmic-ray current contribution is larger if the
short-scale Bell turbulence is strong. In Fig. 2, the angular
dependence of the hydrodyamical, long-wavelength modes
is illustrated for a finite temperature plasma with the pa-
rameter β = a20/v
2
a = 1.0. One can see that, in contrast to
the short-scale Bell instability, the modes propagating along
Figure 1. The figure shows growth rates of the parallel propa-
gating modes as a function of the wavenumber to illustrate the
effect of short-scale turbulence on the long-wavelength instability.
Equation (16) was solved numerically to generate the curves. The
model parameters are k0rg0 = 100 and α = 4.0. The solid and
dot-dashed curves are simulated for two modes in the model with
short-scale turbulence of ξ = 5 and η = 10 to demonstrate the
behavior of the modes in the intermediate regime. For compari-
son, the dashed and dotted curves are calculated for the model
without the short-scale turbulence, i.e., with NB = 0 and η →∞
(c.f., Bell 2004).
the unperturbed magnetic field are growing while the modes
propagating in the opposite direction are damped. It is also
clear in Fig. 2 that the fastest growing modes are propa-
gating nearly perpendicular to the unperturbed field B0 for
η = 10, a typical result for η ≫ 1.
To get the propagation angle θmax of the mode of max-
imum growth for η > 1, one needs to find the maximum of
the expression k‖W3(k‖/k = cos θ), i.e.,
cos θmax = 1/η, (36)
and the maximum growth rate at η ≫ 1 is determined by
γ(k) ≈
√
πNB
4
√
kk0va. (37)
The results were obtained assuming vph/vs << 1. In our
case γ(k) ∼ ω(k), and therefore from Eq. 37 one may get
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Figure 2. The two panels show the angular dependence of
the growth rates of the long-wavelength unstable modes in the
hydrodyamical regime where krg0 < η−1. In the left panel
η = 1, while η = 10 in the right panel. The model param-
eters are k0rg0 = 100, α = 4.0, and the plasma parameter
β = a20/v
2
a = 1.0. The solid and dot-dashed curves show the two
unstable modes. The normalizing parameter γ0 is determined by
Eq. (35).
the validity condition in the form
√
πNB
4
√
k0
k
M−1a << 1
(where Ma is the Alfve´n Mach number of the shock).
Consider the polarization of a mode propagating along
the direction giving the maximum growth rate for η ≫ 1
(i.e., k⊥ ≫ k‖, see Fig. 2). The amplitude of the magnetic
field along the initial magnetic field, δbz, in this mode, ex-
ceeds the transverse magnetic field perturbations δbx,y. The
maximum velocity component δV y is in the plane deter-
mined by the wave vector and the initial magnetic field
δV y =
ω
vak⊥
δbz√
4πρ0
≈ − ω
vak‖
δby√
4πρ0
, (38)
and the energy density of the mode is dominated by the
kinetic energy
|δV y(k)|2 ∼ 1
4πρ0
πNB
4
k0
k
|δbz(k)|2, (39)
since k0 ≫ k, and we assumed |k⊥| ≈ k.
The modes are compressive and from the continuity
equation one can write
δρ
ρ0
=
k⊥δV y + k‖δV z
ω
≈ k⊥δV y
ω
. (40)
Then, using the induction equation given above, the equa-
tion ∇δb = 0, k⊥ > k‖, and δV y ≫ δV z, one can estimate∣∣∣∣δρρ0
∣∣∣∣ ∼ ∣∣∣∣ δbB0
∣∣∣∣. The complex frequency ω is dominated by the
growth rate γ(k) in the regime under consideration. The
analysis above was performed using the turbulent kinetic
coefficients determined by Bell’s turbulence that are valid if(
va
vTi
)2
> k0rg0
va
c
, (41)
where vTi - is the thermal ion velocity. A thorough discussion
of the effects of a hot plasma on the short-scale modes was
done by Zweibel & Everett (2010).
We emphasize that the growth rates obtained here ac-
count for both the CR current and the CR pressure gradient
in the presence of short-scale Bell turbulence. In the pres-
ence of the short-scale fluctuations, the momentum exchange
between the CRs and the flow in the hydrodyamical regime,
krg0 < η
−1, results in a ponderomotive force proportional
to the CR current (the last terms in the mean-field momen-
tum equation 28). As a result, there exist transverse growing
modes with wavevectors along the initial magnetic field with
growth rates that are proportional to the turbulent coeffi-
cient κt defined in Appendix D. In the opposite regime with
η ≫ 1, the fastest growth rates are for the modes having
wavevectors nearly transverse to the initial magnetic field.
These modes are compressible. If the short-scale Bell turbu-
lence is absent (i.e., when the turbulent coefficients vanish),
unstable acoustic modes are produced, as has been studied
earlier by Chalov (1988).
6 DISCUSSION AND CONCLUSIONS
Collisionless shocks are complex phenomena where a num-
ber of relaxation processes are involved that redistribute the
bulk ram kinetic energy into individual superthermal parti-
cles and magnetic fields. Strong astrophysical shocks can
transfer a sizable fraction of the ram energy from thermal
particles to extremely relativistic ones and the great chal-
lenge for modeling these shocks comes from this wide dy-
namic range. Furthermore, if the particles have a wide range
in momentum, the self-generated magnetic turbulence must
have a correspondingly wide range in wavelengths. Thus far,
no exact treatment of this process with plasma simulations
or other methods has been possible and approximate tech-
niques must be used.
In this paper, we derive a mechanism for long-
wavelength magnetic fluctuation growth in the presence of
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a cosmic-ray current and the short-scale magnetic turbu-
lence produced by Bell’s instability. We use the anisotropic
cosmic-ray distribution, interacting with strong Bell-like tur-
bulence with scales below the CR gyroradii, to calculate the
growth rate of fluctuations with wavelengths longer than the
CR gyroradius or mean free path. As we have emphasized,
the power in the longest wavelength turbulence is critical
for determining the highest energy CRs a given shock can
produce.
The algebra needed to describe the mechanism is long
but, schematically, this is what happens: The Jcr×B/c force
from the CR current drives the Bell short-scale instability
at scales below the CR gyroradius. Strong, short-scale tur-
bulence is produced if the Jcr×B/c force is large enough to
dominate the magnetic field tension in the momentum equa-
tion (4). The short-scale turbulence influences the large-scale
dynamics through the ponderomotive forces imposed on the
plasma by the turbulence and the CR current. To derive the
mean ponderomotive force one must average the momentum
equation over the ensemble of short-scale fluctuations. When
this is done, it is seen that there is a contribution to the
ponderomotive force (Eqs. D5, D8, D9). In the intermediate
regime, to first order in the amplitude of the long-wavelength
fluctuations, this contribution is (1+κt/B0)jcr×B/c, where
B = B0ez + δb and jcr = j
cr
0 ez + δj
cr. The effect of the
short-scale turbulence appears here through the turbulent
coefficient κt/B0. We find that the turbulent ponderomo-
tive force is large enough in both the intermediate and hy-
drodynamical regimes, and that the CR current response in
the long-wavelength regime can no longer be neglected (see
Section A). The current cannot be treated as a fixed exter-
nal parameter, as is normally done for the short-scale Bell
instability.
The CR current response (Eq. A19) on the magnetic
turbulence is derived here using a kinetic equation with a
simplified collision operator. With this approximation, the
ponderomotive force results in a long-wavelength instability
in a way similar to Bell’s instability. The angular dependence
of the growth rate in the hydrodynamical regime depends on
the dimensionless collision strength η, as is shown in Fig. 2.
The method we use to average the ponderomotive and
electromotive forces in the presence of the cosmic ray cur-
rent is a generalization of the mean field method used in dy-
namo theory (see Brandenburg 2009, for a recent review).
By introducing a parameterized relaxation time τcor for the
triple correlations of the short-scale field fluctuations, we are
able to obtain the mean field equations in closed form. The
turbulent transport coefficients (Eqs. D6 and D7) needed
to determine the pondermotive force in the mean field mo-
mentum equation are written in terms of a dimensionless
turbulent mixing length that is dependent on τcor and the
dimensionless turbulence amplitude NB .
In the intermediate regime (η−1 < krg0 < 1), the fastest
growing modes (i.e., Eq. 20) appear due to the CR current
contribution to the mean electromotive force in the aver-
aged magnetic induction equation (14). The CR contribu-
tions are proportional to the turbulent transport coefficient
αt. The amplification of long-wavelength magnetic fields in
this regime is reminiscent of the large-scale magnetic field
dynamo model that is widely discussed in the literature (see
e.g. Brandenburg & Subramanian 2005, for a review).
The fastest growing long-wavelength mode in the inter-
mediate regime has non-zero helicity with a sign opposite
to the short-wavelength Bell modes. In the hydrodynamical
regime (krg0 < η
−1), the two modes with similar growth
rates (the solid and dot-dashed curves in Fig. 1) dominating
the regime krg0 < η
−1, also have opposite helicity. While is
is not possible to draw exact conclusions for the properties
of the strong turbulence with our linear analysis, the growth
rates of the long-wavelength turbulence we obtain are com-
parable to those of Bell’s instability for a reasonable range
of parameters (compare the maxima of the solid and dashed
curves in Fig. 1). This suggests that it may by possible to
overcome a fundamental problem and balance the overall
helicity with these two instabilities, but non-linear analysis
is needed to address the issue.
The nonlinear, long-wavelength instability requires an
accounting of the CR response to the short-scale turbu-
lence. Here, we have exploited the fact that the process of
long-scale turbulence growth in the presence of short-scale
motions and magnetic field fluctuations, has some analogy
with the dynamo theory reviewed recently by Brandenburg
(2009). The key ingredient in our model, however, is the
anisotropic CR distribution.
Previous nonlinear work on the short-scale Bell
instability using MHD simulations (e.g., Bell 2004;
Zirakashvili & Ptuskin 2008; Zirakashvili et al. 2008) as-
sumed a fixed CR current as an external parameter. These
models studied the spectral evolution in the short-scale
range as well as the transformation of the turbulence
through the subshock. The evolution of the Bell modes
downstream from the shock was addressed by Pelletier et al.
(2006); Marcowith et al. (2006).
In DSA, the shock precursor containing the CR current
has a scale length lf (p) ≈ cΛ(p)/vs. Therefore, the growing
modes are advected through the instability region on a time
scale
τd(p) ≈ cΛ(p)/(3v2s) . (42)
To amplify a mode of wavenumber k by a factor of a few,
one needs the growth rate to satisfy
γ(k) · τd > 1. (43)
The growth rates can be estimated for a particle diffu-
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sion model widely used in DSA (e.g., Blandford & Eichler
1987), where the particle mean free path is
Λ (p) = η rg (p) = 3 · 1012η
(
B0
1µG
)−1(
p
mpc
)
cm. (44)
Consider the energy density, Ecr, for a power-law CR distri-
bution as expected in test-particle DSA. This is the same as
given by Eq. (A2) only here we normalize the CR number
density to ncr. Then, if the power-law index is α, the CR
energy density can be written as
Ecr = cp0ncrΦ(α), (45)
where
Φ(α) =

α− 3
α− 4
[
1−
(
pm
p0
)4−α]
, for α > 4
ln
(
pm
p0
)
, for α = 4
α− 3
4− α
[(
pm
p0
)4−α
− 1
]
, for α < 4,
(46)
and pm is the maximum CR momentum and p0 is the min-
imum. It is convenient to write
Ecr = ǫcr
npmpv
2
s
2
, (47)
where ǫcr is the fraction of the far upstream shock ram pres-
sure transferred to the cosmic-ray energy density. Note that
ǫcr varies with precursor position and with the minimum CR
momentum, p0. Then the maximum growth rate achievable
in the model, for a mode of wavenumber k = 2π/Λ propa-
gating at the angle cos θ ≈ η−1 to the initial magnetic field,
is given by
γmaxτd ≈ 1.7
(
ηNB
10
)1/2 (
Φ
10
)−1/2
×
×
( ǫcr
0.1
)1/2 ( vs
0.01c
)−1/2
. (48)
Equation (48) demonstrates that, for parameters typical of
young SNRs, and for acceleration efficiencies that are high
enough (i.e., ǫcr >∼ 0.1), long-wavelength fluctuations can
be strongly amplified. The validity requirement given by
Eq. (41) is fulfilled for most of the conditions expected in
young galactic SNRs.
In DSA, particle spectra far upstream in the shock pre-
cursor close to the escape boundary can be approximated
by Eq. (A2) where the minimal momentum p0 can be just a
few times smaller than pm. In contrast, just upstream from
the subshock, the minimal momentum is much lower, i.e.,
p0 ∼ mpc. Therefore, for pm >∼ 105mpc, the particle mean
free path Λ <∼ 1018 cm and fluctuations with wavelengths
larger than Λ would grow with a time scale on the order of
1,000 yr for a shock of velocity vs ∼ 0.01c.
Besides increasing the maximum CR proton energy a
shock can produce, the presence of strong, long-wavelength
magnetic field fluctuations can affect synchrotron emission
from relativistic electrons (see, e.g., Vink & Laming 2003;
Bamba et al. 2005; Uchiyama et al. 2007; Vink 2008). Tem-
poral, spatial, spectral, and polarization features seen in syn-
chrotron emission from the shells of young supernova rem-
nants will all be modified to some extent by long-wavelength
turbulence. The observation of these features can provide
unique information on the properties of the long-wavelength
fluctuations (see, e.g., Bykov et al. 2008, 2009). In case of
η > 1, and for the quasi-parallel shocks considered here,
the growing long-wavelength magnetic field fluctuations are
propagating obliquely to the initial magnetic field. This
means they must be accompanied by plasma density fluc-
tuations that are interacting with the shock front, an effect
that potentially can be studied through the optical line ob-
servations of SNRs (see e.g., Raymond et al. 2010).
The interpretation of optical observations might also be
influenced, at least for the quasi-parallel shocks we studied
here. For η > 1, the growing, long-wavelength magnetic field
fluctuations are propagating obliquely to the initial mag-
netic field and they must be accompanied by plasma density
fluctuations. These density fluctuations might produce ob-
servable features in optical line observations of SNRs (see,
e.g., Raymond et al. 2010).
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APPENDIX A: LINEAR RESPONSE OF THE
COSMIC RAY CURRENT
A small perturbation δb imposed on the local mean mag-
netic field in the form of a plane monochromatic wave results
in a linear response of the cosmic-ray current δjcr. General
expressions for the linear response of a background plasma at
rest with an arbitrary particle distribution, were presented
by Krall & Trivelpiece (1973). Kinetic equations will be used
here to derive the linear response of the cosmic-ray current.
For the unperturbed CR distribution, we consider distri-
butions that are typical for the diffusive shock acceleration
model (e.g., Blandford & Eichler 1987). In this case, the mo-
mentum distribution of accelerated particles allows a local
approximation to a weakly inhomogeneous (on scales of the
order of the cosmic-ray gyroradii) distribution given by
f0(p) =
ncr
4π
N(p)
[
1 +
3vspz
cp
]
, (A1)
where vs is the drift velocity of the accelerated particles
along the mean magnetic field B0 relative to the background
plasma ions, and N(p) is the isotropic part of the cosmic-ray
particle momentum distribution of the power-law form
N(p) =
(α− 3)pα−30
pα
, p0 6 p 6 pm, α > 3, (A2)
normalized as
∫ pm
p0
N(p)p2dp = 1.
Actually, in DSA the particle distribution is inhomoge-
neous on the scale lf ≈ Λc/vs which is much larger than the
particle gyroradius in the nonrelativistic shocks considered
here. Thus, in our local analysis, the minimum momentum
of the particle distribution p0 in Eq. (A2) is position depen-
dent. In the far upstream region, p0 approaches pm making
the distribution given by Eq. (A2) rather narrow. In con-
trast, at the shock front p0 ≈ mpc and the distribution is
much broader.
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The particle distribution function of energetic particles,
f(r, p, θ, ϕ, t), disturbed by a magnetic field, satisfies the ki-
netic equation
∂f
∂t
+ v · ∂f
∂r
+ eE · ∂f
∂p
− ecE (B0 + b) · Ôf = I [f ], (A3)
where E and b are the field amplitudes of the imposed MHD
disturbance, and Ô is the momentum rotation operator, de-
fined by
Ô = p× ∂
∂p
. (A4)
A1 Perturbations propagating along the initial
magnetic field
Let δf be the perturbation of the distribution function due
to imposed harmonic perturbations of electromagnetic fields
δb and E ∼ exp(ik · r − iωt) propagating along the initial
magnetic field direction k = kez = B0/B0. We introduce the
CR scattering rate by magnetic fluctuations, ν, assuming the
simplest form for the CR collision operator in Eq. (A3), i.e.,
I [f ] = −ν(δf−δfiso), where δfiso is the isotropic part of the
disturbed distribution function. Then, δf satisfies
−i(ω − kvz)δf + e
c
(v ×B0) ∂δf
∂p
+ νδf =
= −e
(
E+
v × δb
c
)
∂f0
∂p
. (A5)
In the case of parallel propagation, it is convenient to
distinguish between two circular polarization modes δb =
δb(ex ± iey). Then, the CR current response from Eq. (A5)
takes the form
δjcr ≈ ∓3
4
E
i
ω
encr
c
B0
vsk ×
×
∫ ∞
0
∫ 1
−1
(1− t2)dt
1∓ xt± iaN(p)p
2dp, (A6)
where x =
kcp
eB0
, a =
ν
Ω
=
1
η
, and Ω =
eB0
p
. From Maxwell’s
equations one obtains E = E(ex± iey) = ±i ω
kc
δb(ex± iey).
We neglected E in the right hand side of Eq. (A5) assuming
vph/vs << 1. Then using j
cr
0 = encrvs from Eq. (A1), an
integration over time of Eq. (A6) yields
δjcr = g ′δb
∫ ∞
0
σ(p)N(p)p2dp, (A7)
σ =
3
2x2
+
3
8x
(
1− 1
x2
+
(a
x
)2)
Ψ1 − 3a
2x3
Ψ2 ∓
∓ i
{
3
4x
(
1− 1
x2
+
(a
x
)2)
Ψ2 − 3a
2x2
+
3a
2x3
Ψ1
}
,
Ψ1(x) = ln
[
(x+ 1)2 + a2
(x− 1)2 + a2
]
,
Ψ2(x) = arctg
(
x+ 1
a
)
+ arctg
(
x− 1
a
)
. (A8)
For convenience, we introduce the function A(x0) de-
fined as
A(x0) =
∫ ∞
0
σ(p)N(p)p2dp , (A9)
where x0 =
kcp0
eB0
giving:
δjcr = g ′A(x0)δb . (A10)
Then, in the long-wavelength limit x0 ≪ 1, A(x0) takes the
form
A(x0) ≈ 1
1 + 1/η2
(
1∓ i
η
)
. (A11)
In the intermediate limit, η → ∞, Eq. (A8) has a form
equivalent to that of Bell (2004), i.e.,
σ =
3
2x2
+
3
4x
(
1− 1
x2
)
ln
∣∣∣∣x+ 1x− 1
∣∣∣∣∓
∓iπ 3
4x
(
1− 1
x2
)
Θ(|x| − 1) , (A12)
where Θ(x) is the Heaviside function. For the important case
of a test particle distribution of shock accelerated CRs with
α = 4, Eq. (A9) reduces to that of Bell (2004) and then
A(x0) =
∫ ∞
p0
σ(p)
p0
p2
dp =
=
3
8
(
1 +
1
x20
)
− 3
16
x0
(
1
x20
− 1
)2
ln
∣∣∣∣x0 + 1x0 − 1
∣∣∣∣∓
∓3πi
16
x0

1
x20
(
2− 1
x20
)
, for x0 > 1
1, for x0 < 1
. (A13)
In the short-wavelength limit, x0 ≫ 1 and A(x0) has the
same asymptotic behavior as for finite η as is clearly seen in
Fig. (A1).
A2 Long-wavelength CR current and pressure
responses to oblique magnetic perturbations
In the case of parallel propagating perturbations, the simple
approximations for the linear response of the CR current
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were obtained in both the intermediate and the hydrody-
namical regimes. In the case of oblique perturbations, the
general equations were obtained in the form of infinite se-
quences of Bessel functions with cyclotron and Cherenkov
resonant denominators (see e.g., Krall & Trivelpiece 1973).
Our main aim in this paper is to address the long-wavelength
dynamics of the system with cosmic rays. If the wavelength
exceeds the particle mean free path (the long-wavelength
limit), or in the other words if kc/ν is small, one can get
simple analytic expressions for both the cosmic-ray current
and the cosmic-ray pressure responses that can be used to
obtain the wave dispersion equations. Note here that, con-
trary to longitudinal propagating perturbations, the oblique
perturbations induce a cosmic-ray pressure response.
The linear response function satisfies
∂δf
∂t
+ v · ∂δf
∂r
− ecE B0 · Oδf =
= −eE · ∂f0
∂p
+
ec
E δb · Of0 − ν(δf − δfiso). (A14)
In the long-wavelength limit, one can neglect terms of the
order of kc/ν ≪ 1. Now, we define a coordinate system with
the z-axis along the unperturbed initial magnetic field, B0,
the polar angle θ, and the azimuthal angle ϕ in the x − y
plane. Thus, k‖ = k cos θ and k⊥ = k sin θ. To obtain a
solution to Eq. (A14), we neglect the electric field E on the
right-hand-side, assuming vph ≪ vs, and also assume the
low frequency perturbation ω ≪ ck. Then, the solution to
Eq. (A14) can be presented as a superposition of spherical
harmonics in θ and ϕ with coefficients that depend on the
particle energy.
ec
E δb · Of0 = S1 sin θ cosϕ+ S2 sin θ sinϕ,
S1 = − e
p
δby
3vs
c
ncrN(p)
4π
,
S2 =
e
p
δbx
3vs
c
ncrN(p)
4π
. (A15)
Then, presenting the angular dependence of the distribution
function as
δf(p) = A0(p) + A1(p) cos θ +
+A2(p) sin θ cosϕ+ A3(p) sin θ sinϕ, (A16)
one obtains, in the limit ck/ν ≪ 1, the four equations for
the coefficients:
ik‖cA0(p) +
1
η
ΩA1(p) = 0,
ikxcA0(p) +
1
η
ΩA2(p)−ΩA3(p) = S1,
ikycA0(p) + ΩA2(p) +
1
η
ΩA3(p) = S2,
k‖A1(p) + kxA2(p) + kyA3(p) = 0. (A17)
Using the above, the linear responses of the cosmic-ray cur-
rent and pressure can be obtained from
δjcr = e
∫
vδf(p)d3p,
δPcr =
1
3
∫
vpδf(p)d3p. (A18)
Substituting the solutions of Eqs. (A17), into (A16) and
(A18), and performing the integration over the particle mo-
mentum d3p, we obtain finally the cosmic-ray current and
pressure response on the imposed oblique magnetic fluctua-
tions:
δjcr =
4π
3
ec
∫ ∞
0
{
A1(p)e‖ + A2(p)ex +A3(p)ey
}
p2dp =
= g ′
k‖
k2
‖
+ 1
η2
k2
{
k‖δb+
1
η
k× δb
}
,
δPcr =
4π
3
c
∫ ∞
0
A0(p)p
3dp =
=
iB0
c
g ′
e‖
k2‖ +
1
η2
k2
1
η
{
k‖δb+
1
η
k× δb
}
. (A19)
We note that in the case of the short-wavelength limit,
the procedure described above cannot be applied because
kc
ν
> 1. In this case, one should treat cyclotron and
Cherenkov resonances.
APPENDIX B: CORRELATIONS IN BELL
MODES
To obtain the mean field dynamic equations in a closed form
one must express the mean electromotive force E , 〈(v∇)v〉,
〈(b∇)b〉, and other terms through the correlators of the
short-scale Bell fluctuations 〈v∗α(k)bβ(k)〉 and 〈b∗α(k)bβ(k)〉.
Since the maximal growth rates of the Bell modes are along
the local mean magnetic field, it is convenient to present
the correlations in a coordinate system with the z-axis along
ez′ = B/ | B |, where ex′,y′ are the unit vectors in the plane
transverse to ez′ . Doing this we obtain:
〈b∗α(k)bβ(k)〉 =
〈
b2(kz′)
〉
2
×
×δ(kx′)δ(ky′)

1 −i kz′|kz′ | 0
i
kz′
|kz′ | 1 0
0 0 0
 , (B1)
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Figure A1. The dependence of the dimensionless complex re-
sponse function A(x0) on x0 = krg0. The imaginary parts ℑA(x0)
are shown as the dotted curves, while 1 − ℜA(x0) are the solid
curves. Left panel: the hydrodyamical case with the dimension-
less particle mean free path η = 2 Right panel: the limit of Bell
(2004) corresponding to η →∞.
〈v∗α(k)vβ(k)〉 = 1
4πρ
k1
|kz′ | 〈b
∗
α(k)bβ(k)〉 (B2)
〈v∗α(k)bβ(k)〉 = 1√
4πρ
√
k1
|kz′ |
〈
b2(kz′)
〉
2
×
×δ(kx′)δ(ky′)

i
kz′
|kz′ | 1 0
−1 i kz′|kz′ | 0
0 0 0
 , (B3)
〈b∗α(k)vβ(k)〉 = −〈v∗α(k)bβ(k)〉 . (B4)
APPENDIX C: MEAN-FIELD INDUCTION
EQUATION
To get the mean field equations we apply an averaging pro-
cedure that is widely used in the mean field dynamo the-
ory (Blackman & Field 2002; Brandenburg & Subramanian
2005; Brandenburg 2009). The distinctive feature of our
model is the presence of the cosmic-ray current and we shall
derive the cosmic-ray current effect on the mean field dy-
namics and unstable modes. The electromotive force, E , sat-
isfies the equation
c
∂E
∂t
=
〈
∂v
∂t
× b
〉
+
〈
v × ∂b
∂t
〉
. (C1)
To treat ∂E/∂t in Eq. (C1) we obtain from Eq. (4) the
equation for short-scale variations of the bulk velocity, v,
including second-order correlations:
∂v
∂t
= − 1
cρ
((jcr − encrV)× b) +
+
encr
cρ
(v ×B)− (V∇)v − (v∇)V +
+
1
4πρ
(∇× b)×B+ 1
4πρ
(∇×B)× b+
+
1
4πρ
(∇× b)× b− 1
4πρ
〈(∇× b) × b〉 −
−(v∇)v+ 〈(v∇)v〉+ encr
cρ
(v × b)−
−encr
cρ
〈v × b〉+ ν△v, (C2)
where jcr is the averaged cosmic-ray current. In Eq. (C2),
the short-scale density fluctuations were omitted because
the fastest growing modes are the incompressible modes
with wave vectors along the local mean magnetic field. The
short-scale fluctuations of the cosmic-ray current were also
neglected being small for kcp0/(eB0) > 1 as shown in Ap-
pendix A.
The fluctuating part of the magnetic field, b, satisfies
the equation
∂b
∂t
= ∇× (v ×B) +∇× (V × b) +
+∇× (v × b)−∇× 〈v× b〉+ νm△b. (C3)
Substituting Eqs. (C2) and (C3) into Eqs. (C1), (D1),
and (D2), one obtains:
c
∂E
∂t
= − 1
cρ
〈
((jcr − encrV)× b)× b
〉
+
+
〈
v × {∇ × (v×B) +∇× (V× b)}〉−
− 〈{(V∇)v + (v∇)V} × b〉+
+
1
4πρ
〈{(∇× b)×B) + ((∇×B)× b)} × b〉+
+
encr
cρ
〈
(v ×B)× b〉+ ν 〈△v × b〉+
+νm 〈v ×△b〉 − c E
τcor
. (C4)
The last term, E/τcor, in Eq. (C4) approximates the time
relaxation of triple correlations with the time scale τcor
(see, e.g., Brandenburg & Subramanian 2005). The corre-
lation time is typically expected to be about the turnover
time of the turbulence. For the sake of simplicity we use
c© RAS, MNRAS 000, 1–??
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the same relaxation time τcor for all of the triple correla-
tions. A more rigorous analysis that distinguishes the cor-
relation times of different triple correlations is beyond of
the scope of this paper and will be done separately. The
time derivative, ∂E/∂t, in Eq. (C4) suppresses the mean-field
variations on time scales below τcor and is analogous to the
Faraday displacement current in Maxwell’s equations (e.g.,
Brandenburg 2009). This term can be omitted in the analy-
sis of the long-wavelength modes of frequencies ωτcor ≪ 1 in
the close analogy with the well-known MHD approximation.
For Bell’s instability, the terms in Eq. (C4) contain-
ing the short-scale magnetic field correlators Eq. (B1) and
Eq. (B4) (apart from a term with the cosmic-ray current)
are k1/|kz′ | ≫ 1 times smaller than the velocity correla-
tor Eq. (B2). With this approximation, the equation for the
mean electromotive field simplifies to
c
∂E
∂t
=
1
ρc
〈
b2
〉(1
2
(jcrx′ − encrV x′)ex′+
+
1
2
(jcr
y′
− encrV y′)ey′ + (jcrz′ − encrV z′)ez′
)
−
−〈v · ∇ × v〉Bz′ez′ −
〈
v2
〉
2
∇⊥ ×B− c E
τcor
(C5)
where ∇⊥ contains transverse coordinate derivatives only.
Using Eq. (B2), the second term on the right-hand-side
of Eq. (C5) can be written as
− 〈v · ∇ × v〉Bz′ez′ = 1
ρc
〈
b2
〉 (
jcrz′ − encrV z′
)
ez′ . (C6)
Then, the mean field induction equation yields
∂B
∂t
= ∇× (V ×B) +
+
2
ρc
〈
b2
〉
τcor∇×
(
jcrz′ − encrV z′
)
ez′ +
+
1
2ρc
〈
b2
〉
τcor∇×
((
jcrx′ − encrV x′
)
ex′+
+
(
jcry′ − encrV y′
)
ey′
)
−
〈
v2
〉
2
τcor∇×
(∇⊥ ×B) .(C7)
The long-wavelength perturbations δjcr in Eqs. (C5)
and (D5) were derived in a coordinate system with the axis
ez′ = B/ | B | along the local mean magnetic field. To
make a linear analysis of the dispersion relations it is conve-
nient to transform the vector coordinates to the laboratory
system where the z-axis is along the unperturbed magnetic
field and the shock normal ez = B0/B0. To first order in
the small amplitudes of the current and field perturbations,
the transformation yields:
(jcrx′ − encrV x′)ex′ ≈ [−g ′δbx + (δjcrx − encrδV x)]ex, (C8)
(jcry′ − encrV y′)ey′ ≈ [−g ′δby + (δjcry − encrδV y)]ey , (C9)
(j
cr
z′ − encrV z′)ez′ ≈ (jcrz − encrV z)ez+ g ′δbxex+ g ′δbyey .
(C10)
APPENDIX D: THE AVERAGED MOMENTUM
EQUATION
To get the equation of motion averaged over the short-
scale fluctuations in a closed form, we derive 〈(v∇)v〉 and
〈(b∇)b〉 in Eq. (11) for large-scale motions using the mean-
field approximation as it was described in Appendix C. This
yields:
∂
∂t
〈(v∇)v〉 =
〈(
∂v
∂t
∇
)
v
〉
+
〈
(v∇) ∂v
∂t
〉
, (D1)
∂
∂t
〈(b∇)b〉 =
〈(
∂b
∂t
∇
)
b
〉
+
〈
(b∇) ∂b
∂t
〉
, (D2)
∂
∂t
〈(v∇)v〉+ 1
τcor
〈(v∇)v〉 =
= − 1
cρ
〈
(((jcr − encrV)× b)∇)v
〉−
− 1
cρ
〈
(v∇)((jcr − encrV)× b)
〉−
− 〈({(V∇)v+ (v∇)V}∇)v〉−
− 〈(v∇){(V∇)v + (v∇)V})〉+
+
1
4πρ
〈
(v∇){(∇× b)×B) + ((∇×B)× b)}〉+
+
1
4πρ
〈
({(∇× b)×B+ (∇×B)× b}∇)v〉+
+
encr
cρ
〈
((v ×B)∇)v〉+ encr
cρ
〈
(v∇)(v ×B)〉+
+ν 〈(△v∇)v〉+ ν 〈(v∇)△v〉 , (D3)
∂
∂t
〈(b∇)b〉+ 1
τcor
〈(b∇)b〉 =
=
〈
({∇ × (v ×B) +∇× (V × b)}∇)b〉+
+
〈
(b∇){∇ × (v×B) +∇× (V × b)}〉+
+νm 〈(△b∇)b〉+ νm 〈(b∇)△b〉 . (D4)
Then, the equation of motion in the mean field approx-
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imation is
∂V
∂t
+ (V∇)V = −1
ρ
∇P −
− 1
c ρ
((jcr − encrV)×B) + 1
4πρ
((∇×B)×B) +
+
κt
cρ
((jcr
x′
− encrV x′)ey′ − (jcry′ − encrV y′)ex′) +
+
ζt
cρ
(
∂(jcr
x′
− encrV x′)
∂x′
ez′ +
∂(jcry′ − encrV y′)
∂y′
ez′−
− ∂(j
cr
z′ − encrV z′)
∂x′
ex′ −
∂(jcrz′ − encrV z′)
∂y′
ey′
)
+
+τcor 〈v · ∇ × v〉
(
∂V z′
∂y′
ex′ − ∂V z′
∂x′
ey′
)
+
+τcor
〈
v2
〉
2
(
∂2V
∂x′2
+
∂2V
∂y′2
)
+ ν△V −
− 1
c ρ
〈(jcr − encrv)× b〉 ..., (D5)
where the turbulent transport coefficients
κt = τcor
∫ ∞
0
dkz′
1√
4πρ
√
k1|kz′ |
〈
b2(kz′)
〉
, (D6)
and
ζt = τcor
∫ ∞
0
dkz′
1√
4πρ
√
k1
|kz′ |
〈
b2(kz′)
〉
(D7)
are expressed through the correlation time τcor.
As in Appendix C, we transform the vector coordinates
to the laboratory system where the z-axis is along the un-
perturbed magnetic field and the shock normal ez = B0/B0.
Then, to first-order in the small amplitudes of the current
and field perturbations the transformation yields
(jcrx′ − encrV x′)ey′ ≈ [−g ′δbx + (δjcrx − encrδV x)]ey, (D8)
(jcry′ − encrV y′)ex′ ≈ [−g ′δby + (δjcry − encrδV y)]ex. (D9)
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